Estimation and Inference for the Mediation Proportion by Nevo, Daniel et al.
Web Appendix: Estimation and inference for the mediation
proportion
Daniel Nevo1, Xiaomei Liao1, and Donna Spiegelman1,2,3
1Departments of Biostatistics and Epidemiology, Harvard T.H. Chan School of
Public Health, Boston, MA, U.S.A.
2Department of Nutrition, Harvard T.H. Chan School of Public Health, Boston,
MA, U.S.A.
3Department of Global Health and Population, Harvard T.H. Chan School of
Public Health, Boston, MA, U.S.A.
Web Appendix A: Derivation of β1 and β2 in the simulation
study
We created the data from the conditional model (2). In this appendix, we show how the values
of β1 and β2 in model (2) can be derived from the values of β
?
1 in model (3), p (the mediation
proportion) and ρ (the correlation between X and M).
First, by the definition of p, we have that β1 = (1 − p)β?1 . Regarding β2, we start with the
identity link and then move to the log link. Since (X,M)T is a bivariate normal variable with
mean vector (0, 0)T and covariance matrix
(
1 ρ
ρ 1
)
, M |X ∼ N(ρX, 1− ρ2). By the law of total
expectation,
E(Y |X) = E[E(Y |X,M)|X] = E(β0 + β1X + β2M |X) = β0 + (β1 + β2ρ)X
Thus, β?1 = β1 + β2ρ, and
β2 =
β?1 − β1
ρ
=
p
ρ
β?1 .
Moving to the log link,
E(Y |X) = E[E(Y |X,M)|X] = E(exp(β0 + β1X + β2M)|X)
= exp(β0 + β1X)E(exp(β2M)|X) = exp
(
β0 +
1− ρ2
2
+ (β1 + β2ρ)X
)
and therefore β2 =
p
ρβ
?
1 as before.
Web Appendix B: Further results on bias for the logit link
function and the Cox model
In Figures 1 and 2 of the main text, we presented graphs of the relative bias of the mediation
proportion estimates for the logit link function and the Cox model. This bias arose when the
sample size was not large enough, and also because the conditional mean model only approx-
imately holds. In the main text, results were presented for β?1 = log(1.5) only. Figures A.1
and A.2 present bias for β?1 = log(1.25) and β
?
1 = log(2), respectively, under logistic regression.
Figures A.3 and A.4 present the results under the Cox model. As observed in the main text,
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the bias was small when the disease was rare and the number of cases was large enough. When
the total effect of the exposure was strong, i.e., when β?1 = log(2), fixing the expected number
of cases to as few as 100 provided good results.
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Figure A.1: Relative bias of the mediation proportion estimator under the logistic model as a
function of the mediation proportion (p), the correlation between the exposure and the mediator
(ρ), the number of expected cases (E(Ncases)) and the outcome rate (P (Y = 1)). The value of
β?1 was taken to be log(1.25).
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Figure A.2: Relative bias of the mediation proportion estimator under the logistic model as a
function of the mediation proportion (p), the correlation between the exposure and the mediator
(ρ), the number of expected cases (E(Ncases)) and the outcome rate (P (Y = 1)). The value of
β?1 was taken to be log(2).
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Figure A.3: Relative bias of the mediation proportion estimator under the Cox model as a
function of the mediation proportion (p), the correlation between the exposure and the mediator
(ρ), the number of expected cases (E(Ncases)) and the event rate (P (δ = 1)). The value of β
?
1
was taken to be log(1.25).
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Figure A.4: Relative bias of the mediation proportion estimator under the Cox model as a
function of the mediation proportion (p), the correlation between the exposure and the mediator
(ρ), the number of expected cases (E(Ncases)) and the event rate (P (δ = 1)). The value of β
?
1
was taken to be log(2).
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Web Appendix C: Simulation study for the identity link
function with non-normal errors
Consider the model Y = E(Y |X,M) +  = β0 + β1X + β2M + . In the main text, we presented
simulation results for estimation of and inference about the mediation proportion p, when 
was simulated as a standardized normal random variable. If we replace the normal distribution
with another distribution, then by GEE theory the performance of our methods should not
significantly change, as long as the mean and variance of  are the same as before. We considered
the following three scenarios: In the first scenario,  follows a Laplace distribution (also known
as double exponential). Its density function is given by
f(u;λ) =
λ
2
exp(−λ|u|), ∀u.
We took λ =
√
2 to fix V ar() = 1. For the second and third scenarios, we considered the
Asymmetric Laplace distribution [1], defined as
f(u;µ, λ, κ) = λ
κ
κ2 + 1
{
exp(λκ−1(u− µ)) : u < µ
exp(λκ(u− µ)) : u ≥ µ
where µ, λ and κ are parameters characterizing the distribution. We denote this distribution by
ALD(µ, λ, κ). Its mean equals to µ+(1−κ2)/λκ and its variance to (1+κ4)/λ2κ2. The Laplace
distribution taken in the first scenario corresponds to ALD(0, λ, 1). For the second scenario, we
took κ = 1.75 and then took values for λ and κ so E() = 0 and V ar() = 1. For the third
scenario, we chose κ = 10 and then took values for λ and κ so E() = 0 and V ar() = 1.
Table A.1 presents relative bias and coverage rates of 95% untransformed confidence intervals
for the mediation proportion, trimmed to be contained within [0,1]. Compared with the upper
part of Table 2 in the main text, the results were similar, as expected by GEE theory. The bias
decreased with the sample size. No major differences were observed between the three scenarios
considered.
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Table A.1: Relative bias (in percentage) of the mediation proportion estimator under identity
link function for various error distributions. Coverage rates of 95% trimmed untransformed
confidence interval displayed in brackets.
Double-Exponenetial ( ∼ ALD(0,√2, 1))
n = 1000 n = 5000
β?1 β
?
1
0.1 0.3 0.5 0.1 0.3 0.5
p = 0.1 ρ = 0.1 15.4 (0.92) -0.4 (0.95) 0.1 (0.97) 1.9 (0.96) 0.2 (0.95) 0.4 (0.96)
ρ = 0.3 15.9 (0.84) 0.6 (0.96) 0.5 (0.93) 1.2 (0.96) -0.1 (0.96) -0.2 (0.95)
ρ = 0.5 -0.1 (0.7) 0.8 (0.92) -0.7 (0.96) 6.6 (0.89) -0.7 (0.94) -0.4 (0.95)
ρ = 0.7 12.4 (0.6) 4.4 (0.8) -2.8 (0.93) 1.2 (0.73) -0.5 (0.94) 0.2 (0.95)
p = 0.3 ρ = 0.3 21.4 (0.92) 1.7 (0.95) 0.4 (0.94) 2.4 (0.94) -0.2 (0.94) -0.1 (0.94)
ρ = 0.5 12.8 (0.9) 2.1 (0.94) 0.0 (0.95) 1.7 (0.95) 0.9 (0.95) 0.1 (0.95)
ρ = 0.7 22.9 (0.75) 0.3 (0.95) 0.5 (0.95) 1.6 (0.95) 0.3 (0.95) -0.1 (0.95)
p = 0.5 ρ = 0.5 13.9 (0.86) 0.6 (0.95) 0.6 (0.95) 2.4 (0.97) 0.4 (0.95) -0.1 (0.95)
ρ = 0.7 18.9 (0.81) 0.0 (0.95) 0.9 (0.96) 2.6 (0.96) 0.1 (0.94) 0.2 (0.96)
Asymetric Laplace ( ∼ ALD(0.64, 1.84, 1.75))
n = 1000 n = 5000
β?1 β
?
1
0.1 0.3 0.5 0.1 0.3 0.5
p = 0.1 ρ = 0.1 12.4 (0.91) 1.6 (0.96) -2.3 (0.94) 1.6 (0.94) -0.1 (0.95) -0.2 (0.96)
ρ = 0.1 13.8 (0.86) 0.8 (0.96) -0.7 (0.94) 1.5 (0.95) -0.2 (0.95) 0.6 (0.95)
ρ = 0.1 22.7 (0.73) 5.4 (0.94) 0.1 (0.96) 0.0(0.86) 0.8 (0.95) 0.5 (0.95)
ρ = 0.1 -96.1 (0.6) 2.6 (0.82) 4.3 (0.92) 8.7 (0.75) 0.8 (0.95) -0.6 (0.95)
p = 0.3 ρ = 0.1 16.2 (0.94) 0.6 (0.95) -0.1 (0.93) 2.1 (0.96) 0.2 (0.96) -0.1 (0.95)
ρ = 0.1 18 (0.89) 0.8 (0.96) 0.3 (0.95) 2.9 (0.96) -0.1 (0.96) 0.2 (0.95)
ρ = 0.1 10.7 (0.76) 0.7 (0.97) 0.1 (0.96) -0.2 (0.95) 0.1 (0.95) -0.2 (0.94)
p = 0.3 ρ = 0.1 17.2 (0.87) 0.5 (0.95) 0.0 (0.93) 2.5 (0.95) 0.5 (0.94) 0.0 (0.95)
ρ = 0.1 14.8 (0.81) 1.1 (0.95) -0.3 (0.95) 1.2 (0.95) 0.2 (0.96) 0.0 (0.95)
Asymetric Laplace ( ∼ ALD(0.99, 10.00, 10.00))
n = 1000 n = 5000
β?1 β
?
1
0.1 0.3 0.5 0.1 0.3 0.5
p = 0.1 ρ = 0.1 11.5 (0.91) 0.3 (0.95) -0.5 (0.95) 1.4 (0.95) 0.4 (0.96) -0.3 (0.95)
ρ = 0.3 24.8 (0.85) 0.1 (0.94) 0.1 (0.94) 2.2 (0.95) -0.1 (0.95) 0.3 (0.95)
ρ = 0.5 5.8 (0.69) -1 (0.94) -2.1 (0.94) 0.7 (0.88) 0.1 (0.95) 0.0 (0.96)
ρ = 0.7 -1.4 (0.59) 1.7 (0.82) -0.4 (0.9) 12.8 (0.76) -0.8 (0.94) -0.2 (0.94)
p = 0.3 ρ = 0.3 13.4 (0.92) 1.3 (0.96) 0.3 (0.94) 0.8 (0.95) 0.5 (0.96) -0.2 (0.94)
ρ = 0.5 23.9 (0.91) 0.2 (0.94) 0.0 (0.95) -0.2 (0.96) 0.3 (0.94) 0.5 (0.95)
ρ = 0.7 30.4 (0.77) 0.6 (0.95) 0.4 (0.95) 2 (0.95) 0.2 (0.95) -0.2 (0.95)
p = 0.5 ρ = 0.5 14.3 (0.84) 1.6 (0.95) 0.4 (0.94) 3 (0.96) 0.3 (0.95) 0.3 (0.95)
ρ = 0.7 19.1 (0.81) 0.8 (0.94) -0.2 (0.95) 1.3 (0.96) -0.1 (0.94) 0.1 (0.96)
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